Triple Integrals in various coordinate systems, and reductions using Dirac Delta functions

Cartesian/Rectangular
Vol = [oX dx [,¥ dy Jo? dz = x|oX y|o¥ z|o? = (X-0)-(Y-0)"(Z-0) = XY Z

Area = |o* dx [o¥ dy [o? 8(z-Z,) dz = x|oX “y]o¥ (1 if Z.€[0..Z], else 0) = XY

Length = [0 dx [,¥ 8(y-Y.)-dy [¢? 8(z-Z,)-dz = x|¢* *(1 if Y,€[0..Y], else 0)-(1 if Z.€[0..Z], else 0) = X

Polar/Cylindrical

Vol = [® dr [0 (r-d0) [¢? dz = |} r-dr [0>* dO [o? dz = (V)R 00> z|oZ = (Y2)R?*-2n-Z = nR?Z

Areagie = |o* dr [0 (1-d0) [0 8(z-Zo)-dz = [} r-dr [>* dO [oZ 8(2-Z.)-dz = (Y%)r2|R 0|0 (1 if Z.€[0..Z], else 0) = (*2)R?* 2% = R?

Areaypiane = Jof dr [0 [8(0-0,)/r](r-d0) oZ dz = [o% dr [¢27 [6(0-0.)]d0 [o? dz = 1]oR (1 if 0,€[0..27], else 0) z|o* =R-Z

Ar€aeytinger = |of 8(r-Ro)-dr [0 (r-d0) [ dz = [} r-8(r-Ry)-dr [0 dO [¢Z dz = [} Ro-8(r-Ro)-dr [i2* d0 [¢? dz = (Ro- 1 if Ro€[0..R], else 0) 0]0" z|o? = 2nR.Z

Lengthraga = Jo® dr [07 [8(0-00)/r] (r-d0) [o? 8(2-Z,)-dz = [} dr [ §(0-0,)-d6 JoZ 8(z-Zo)-dz = 1|o® (1 if 0,€[0..27], else 0) (1 if Z,€[0..Z], else 0) =R

Lengtheire = Jo% 8(r-Ro)-dr [ (r-d0) o 8(z-Zo)-dz = [o% 1:8(r-Ry)-dr [>* dO [oZ 8(z-Z.)-dz = (Re1 if Re€[0..R], else 0) 0]¢* (1 if Z.€[0..Z], else 0) = 2aR,

Lengthneign = [o% 8(r-Ry)-dr [0 [3(0-0,)/r]-(r-d0) [oZ dz = o} 8(r-Ro)-dr |2* 8(0-0,)-d0 [¢? dz = (1 if R,€[0..R], else 0) (1 if ,€[0..2x], else 0) z|o* = Z

Spherical

Vol = ot dr [0 (r-d0) [o* (r-sin[@]-de) = Jof r>-dr [>* d6 J* (sin[¢]-de) = (1/3)30} 0]¢> (-cos[@])|o™ = (1/3)R3-2x-2 = (4/3)nR>

Areagphere = Jot 8(r-R,)-dr [0 (r-d0) Jo™ (r-sin[@]-de) = Jo} r2-8(r-R.)-dr [¢>* dO [o* (sin[@]-d@) = Re2 0]o* (-cos[@])|o" = Re2-2n-2 = 4nR,2

Areayciae = Jo® dr o2 [8(0-0,)/(r-sin[@])]-(r-d0) [o* (r-sin[@]-d) = [} r-dr [ [6(0-0,)]-d0 Jo* dp = ()R 1 @|o™ = (4)R> 11 = (n/2)R>

Areacon. = Jo® dr [0 (1-d0) Jo* [8(p-@o)/r]-(r-sin[@]-de) = [o* r-dr [ dO [o* (sin[o](@-¢o)-dp) = (V2)r2|oR )62 (sin[@o]) = (V2)R2-27-(sin[@o]) = sin[@o]nR? = (x/R)nR? = (x)nR
Lengthgircie = JoR O(r-R,)-dr [o2 (r-do) for [0(p-o)/r](r-sin[@]-do) = [oR R, d(r-R,)dr Jo2= do fom SN[ Qo |0(p-0o)d®) = Ry 21 (sin[@,]) = sin[@,]27R,

Lengthyae = Jo} 8(r-Ro)-dr [027 [8(0-0,)/(r-sin[@])]-(r-d0) Jo* (r-sin[o]-d) = [} r-8(r-Ro)-dr [¢2* 8(0-0)d0 [o~ dp = [} Ro-8(r-Ro)-dr [i2* 8(6-6,)-(d0) Jo* (r-dp) =R, 1 = 7R,
Lengthga = Jo} dr [ [8(0-00)/(r-sin[@])]* (r*d0) [o* [8(@-@.)/r]- (r-sin[@]-d) = [} dr [:* 5(0-0,)d0 [ 8(p-¢.)dp =1k 1 1 =R

Point = [} §(r-Ro)-dr [0 [8(0-0,)/(rsin[@])]- (r-d0) [0 [8(@-@o)/r](r-sin[@]-d®) = [} 8(r-Ry)-dr [o>* 8(0-0,)d0 [¢™ 8(p-0o)dp=111=1



